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DETECTING CONJUGACY STABILITY OF SUBGROUPS IN
CERTAIN CLASSES OF GROUPS
ISABEL FERNA´NDEZ MARTI´NEZ AND DENIS SERBIN
Abstract. In this paper we consider the conjugacy stability property of sub-
groups and provide effective procedures to solve the problem in several classes
of groups. In particular, we start with free groups, that is, we give an effec-
tive procedure to find out if a finitely generated subgroup of a free group is
conjugacy stable. Then we further generalize this result to quasi-convex sub-
groups of torsion-free hyperbolic groups and finitely generated subgroups of
limit groups.
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1. Introduction
A subgroup H of a group G is called conjugacy stable if every two elements from
H conjugate in G are also conjugate in H itself. It is obvious that the property
of being conjugacy stable is transitive: if H is conjugacy stable in G and K is
conjugacy stable in H , then K is conjugacy stable in G. Further, if H E G is
conjugacy stable, then it is a transitively normal subgroup of G, that is, every
subgroup of H is also normal in G.
The property of subgroups to be conjugacy stable was studied in linear groups
(under the name conjugacy-closed). It is known that, if k is a subfield of a field
K, then the general linear group GLn(k) over k is a conjugacy stable subgroup
of the general linear group GLn(K) over K (not true if k is only a subring of
K). Next, the orthogonal group over reals On(R) is a conjugacy stable subgroup
of GLn(R). Further, the unitary group of complex matrices Un(C) is a conjugacy
stable subgroup of GLn(C). Eventually, Brauer’s permutation lemma (see [5]) can
be reformulated as follows: the subgroup of permutation matrices in GLn(k), where
k is any field of characteristic zero, is conjugacy stable in GLn(k).
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This property is also known in the context of symmetric groups. Namely, let A
be a subset of a set B. Then, naturally Sym(A) 6 Sym(B) and if either A, or
B rA is finite, then Sym(A) is conjugacy stable in Sym(B).
Last but not least, conjugacy stable subgroups are known under the name of
Frattini embedded subgroups (see [27]). It is easy to see that if H is a conjugacy
stable subgroup of a group G and the conjugacy problem is solvable in G, then
it is also solvable in H . This observation was used in [24] to obtain interesting
embedding results.
More recently, the conjugacy stability property was investigated in the case of
parabolic subgroups of Artin-Tits groups of spherical type in [7].
The goal of this paper is to study this interesting subgroup property from an
algorithmic viewpoint. Namely, we concentrate on the conjugacy stability problem:
find an effective procedure that, given a group G and its subgroup H , determines
if H is conjugacy stable in G. We solve the problem for several classes of groups,
in particular, free groups, torsion-free hyperbolic groups, and limit groups.
2. General approach to the problem
Let G be a group and let H 6 G. Everywhere in the text below we use the
convention Hg = g−1Hg.
Recall the definition given in the introduction. H is called conjugacy stable in G
if for every g ∈ GrH such that g−1ug = v for some u, v ∈ H , there exists h ∈ H
such that h−1uh = v.
First of all, notice that if there exist u, v ∈ H such that g−1ug = v for some
g ∈ G rH , then Hg ∩H 6= 1. Now, existence of h ∈ H such that h−1uh = v can
be reformulated as shown in the lemma below.
Lemma 1. Let G be a group and let H 6 G. Then H is conjugacy stable if and only
if for every g ∈ GrH such that Hg ∩H 6= 1 and every non-trivial u ∈ Hg
−1
∩H,
the intersection H ∩CG(u)g is non-empty.
Proof. In order to determine if H is conjugacy stable, for every g ∈ G r H such
that g−1ug = v for some u, v ∈ H , one has to find out if there exists g0 ∈ H such
that g−10 ug0 = v.
Observe that if for a given g such g0 exists then g
−1ug = g−10 ug0 and [g0g
−1, u] =
1, so g0g
−1 ∈ CG(u) and g0 ∈ CG(u)g. Hence, if H is conjugacy stable, then for
every g ∈ G r H , such that Hg ∩ H 6= 1, and every u ∈ Hg
−1
∩ H , we have
H ∩ CG(u)g 6= ∅.
The converse is also true. Indeed, if g−1ug = v for some u, v ∈ H , then u ∈ H ∩
Hg
−1
and by assumption there exists h ∈ H ∩ CG(u)g. But then h = ag, [a, u] = 1
and
h−1uh = g−1(a−1ua)g = g−1ug = v,
that is, H is conjugacy stable. 
The above lemma makes the process of checking is H is conjugacy stable more
concrete: for every u ∈ H that can be conjugated back into H by some g ∈ GrH ,
it is enough to check if H ∩CG(u)g is non-empty. Unfortunately, this simplification
alone does not lead to an effective procedure since there can be infinitely many
elements g ∈ GrH such that Hg ∩H 6= 1.
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In order to deal with this issue we introduce the following subgroup property.
We say that H satisfies the bounded non-trivial conjugate intersection (BNTCI for
short) property if there are finitely many elements g1, . . . , gn ∈ G such that if
Hg ∩H 6= 1 for some g ∈ G, then there exists i ∈ [1, n] such that g ∈ HgiH . Let
us call the elements g1, . . . , gn BNTCI representatives in G by H and denote
RG(H) = {g1, . . . , gn}.
Notice that the BNTCI property has connections with the bounded packing prop-
erty introduced in [14]: a subgroup H of a finitely generated group G has bounded
packing in G if for each constant D, there is a number N = N(G,H,D) so that
for any collection of N distinct cosets gH in G, at least two are separated by a
distance of at least D. It is known (see [12], [14]) that quasi-convex subgroups of
word-hyperbolic groups have bounded packing. Now, if G is a torsion-free word-
hyperbolic group and H is a quasi-convex subgroup of G, then bounded packing of
H in G implies the BNTCI property for H .
A quantitative variant of the bounded packing property was introduced in [19,
Section 6.4] for quasi-convex subgroups of automatic groups. Namely, let G with a
finite set of semigroup generatorsX be an automatic group with respect to a regular
language L ⊆ X∗ and let ν : N→ N be a non-decreasing function. We say that the
regular structure (G,L) satisfies property BPν if, whenever H and K are L-quasi-
convex subgroups of G with constant of L-quasi-convexity k, if K, g1H, . . . , gnH are
pairwise distinct and if K ∩ (
⋂
iH
gi) is infinite, then K as well as each giH meets
a ball of radius ν(k) in the Cayley graph of G. This more technical condition, if
satisfied, implies the BNTCI property for L-quasi-convex subgroups of G (see, [19,
Proposition 6.7]).
Now let us see how the BNTCI property helps with the conjugacy stability
problem.
Lemma 2. Let G be a group and let H 6 G satisfy the BNTCI property. Then
H is conjugacy stable if and only if for every gi ∈ RG(H) and every non-trivial
u ∈ Hg
−1
i ∩H, the intersection H ∩ CG(u)gi is non-empty.
Proof. If H is conjugacy stable, then, by Lemma 1, for every g ∈ G and every
non-trivial u ∈ Hg
−1
∩H , the intersection H ∩CG(u)g is non-empty. In particular,
this holds for every gi ∈ RG(H).
Let us prove the converse. Suppose g ∈ GrH is such that Hg ∩H 6= 1. By the
BNTCI property there exist h, f ∈ H such that g = hgif for some gi ∈ RG(H).
Then
gHg−1 ∩H = (hgif)H(f
−1g−1i h
−1) ∩H = h(giHg
−1
i ∩H)h
−1
and for every u ∈ gHg−1 ∩H we have that h−1uh ∈ giHg
−1
i ∩H . Next,
H ∩ CG(u)g = H ∩CG(u)(hgif).
Observe that H ∩ CG(u)g 6= ∅ if and only if there exists w ∈ H such that w =
ag, a ∈ CG(u). Hence, w = a(hgif) = h(h
−1ah)gif , or
h−1wf−1 = (h−1ah)gi ∈ CG(h
−1uh)gi,
where h−1wf−1 ∈ H . Hence, H∩CG(u)g 6= ∅ if and only if H∩CG(h−1uh)gi 6= ∅,
and the latter holds by assumption. Thus, the condition from Lemma 1 is satisfied
and H is conjugacy stable. 
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As follows from Lemma 2, the BNTCI property of H really simplifies checking
if H is conjugacy stable and we will use it whenever the property is available.
Observe also that if H 6 G satisfies the BNTCI property and Hg ∩ H is non-
trivial, then there exist h, f ∈ such that g = hgif for some gi ∈ RG(H) and we
have
Hg ∩H = Hhgif ∩H = f−1(Hgi ∩H)f.
That is, there is a finite list of subgroups JG(H) of G of the form H
gi ∩ H, gi ∈
RG(H) such that for every g ∈ G, if H
g ∩ H 6= 1, then Hg ∩ H is conjugate to
some J ∈ JG(H) by an element from H .
Finally, notice that the mere existence of BNTCI representatives in G by H is
not enough for algorithmic solution of the conjugacy stability problem: one has
to be able to find RG(H) effectively. Moreover, there are some other technical
difficulties such as checking if the intersection H ∩CG(u)gi is non-empty for every
u in the subgroup Hg
−1
i ∩H , which can be infinite.
Below we consider several classes of groups, where the method of solving the
conjugacy stability problem based on Lemma 1 and Lemma 2 works.
3. Effective solution of the conjugacy stability problem
In this section we apply the strategy outlined in Section 2. Namely, we consider
several classes of groups, where finitely generated subgroups either have the BNTCI
property (free and torsion-free word-hyperbolic groups), or “almost” have it (limit
groups), and solve the conjugacy stability problem in those classes of groups.
3.1. Free groups. Let F = F (X) be a free group on a finite alphabet X . Note
that from [17, Proposition 9.7] and its proof it follows that every finitely gener-
ated subgroup H of F satisfies the BNTCI property. Moreover, a set of BNTCI
representatives RF (H) in G by H can be found effectively.
Let us fix a finitely generated subgroup H 6 F and a set of BNTCI representa-
tives RF (H).
Suppose g ∈ RF (H) and u ∈ gHg
−1 ∩H . Observe that if CF (u) = 〈u〉, that is,
CF (u) = CH(u), which happens only if u is not a proper power in F , then
H ∩ CF (u)g = H ∩ 〈u〉g ⊆ H ∩Hg = ∅.
It follows that if for some g ∈ RF (H), the intersection gHg
−1 ∩ H contains an
element which is not a proper power in F , then H fails to be conjugacy stable.
Suppose, on the other hand, that for g ∈ RF (H), the intersection gHg
−1 ∩ H
contains only elements which are proper powers in F . Take any h1, h2, h3 ∈ gHg
−1∩
H such that h1h2 = h3. The elements h1, h2, h3 are proper powers in F , so there
exist a, b, c ∈ F such that
h1 = a
k, h2 = b
l, h3 = c
m, k, l,m > 2
and we have
akbl = cm.
From [21] it follows that a, b and c commute with each other, hence, h1, h2, and h3
must also commute and gHg−1 ∩H is cyclic.
From the observation above the following proposition follows.
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Proposition 1. Let F = F (X) be a free group on a finite alphabet X. Then there
exists an effective procedure to check if any finitely generated subgroup H 6 F is
conjugacy stable or not.
Proof. Let H be a finitely generated subgroup of F .
Step 1. Compute RF (H). It is finite and can be found effectively by [17,
Proposition 9.7].
Step 2. For every g ∈ RF (H), find generators of the intersection gHg
−1 ∩ H .
This can be done algorithmically by [17, Corollary 9.5].
Step 3. Check if every gHg−1 ∩ H is cyclic. This can be done effectively as
follows: construct a folded graph Γ(g,H) representing gHg−1 ∩ H , find a loop
in Γ(g,H) labeled by some hg ∈ H , and check if gHg
−1 ∩ H = 〈hg〉. All these
operations can be done effectively (see [17] for details).
If at least one intersection gHg−1 ∩ H is not cyclic, or if it is cyclic, but the
generator is a root element in F (this can be checked effectively), then stop. In this
case H is not conjugacy stable.
Step 4. Assuming that for every g ∈ RF (H) we have
gHg−1 ∩H = 〈hngg 〉,
where hg is a root element in F and ng > 2, check if H ∩ CF (hg)g = H ∩ 〈hg〉g is
non-empty. This can be done effectively (again, see [17] for details).
If H ∩ 〈hg〉g is non-empty for every g ∈ RF (H) then H is conjugacy stable,
otherwise it is not conjugcy stable. 
3.2. Torsion-free hyperbolic groups. Recall that a finitely generated group G
is called (word) hyperbolic if its Cayley graph Γ(G,S) with respect to some finite
generating set S satisfies the following property: there exists a constant δ > 0,
called a constant of hyperbolicity of G, such that every geodesic triangle ∆(x, y, z)
with vertices x, y, z ∈ Γ(G,S) is δ-thin meaning that each side of ∆(x, y, z) lies
inside the union of δ-neighborhoods of the other two sides. If S is fixed and such
constant δ exists then we also call G δ-hyperbolic.
Hyperbolic groups were introduced by Gromov in [13] and now it is a well-
studied class of groups (we refer the reader to [13], [1], [11], [6] for basic facts about
hyperbolic groups). Notice that there is an algorithm that computes a constant of
hyperbolicity δ given a finite presentation of a group G - the algorithm stops if G
is hyperbolic (see [26], [9]).
For the rest of this section we fix a torsion-free δ-hyperbolic group G with a
finite generating set S. A subgroup H of G is called quasi-convex if there exists a
constant k > 0, called a quasi-convexity constant of H , such that every geodesic in
the Cayley graph Γ(G,S) connecting a pair of points that belong to H , lies inside
the k-neighborhood of H . Notice that every quasi-convex subgroup H is finitely
generated and there exists an algorithm that computes a quasi-convexity constant
of H (see [15]).
Quasi-convex subgroups have a lot of nice properties, in particular, many al-
gorithmic problems for subgroups of hyperbolic groups can be solved only for
quasi-convex subgroups. Hence, we only concentrate on the case, when H 6 G
is quasi-convex in G with constant of quasi-convexity k.
By [19, Proposition 6.9], the regular structure (G,L), where L is the language
of all geodesics in G, satisfies property BPν (see the definition in Section 2) for
the function ν(k) = k + 2δ, where δ is the hyperbolicity constant for G. We can
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assume that δ can be computed given the finite presentation of G, so the function
ν is computable. Now, by [19, Proposition 6.7(1)], if H has constant of quasi-
convexity k, then every double coset HgH such that Hg ∩ H is infinite, has a
representative of length at most 2ν(k). Notice that |Hg ∩H | =∞ is equivalent to
saying that Hg ∩ H 6= 1 since G is torsion-free, so it follows that H satisfies the
BNTCI property. Moreover, a set of BNTCI representatives RG(H) in G by H can
be found effectively.
Hence, again as in the free group case, we can use Lemma 2 as the criterion for
conjugacy stability.
Suppose g ∈ RG(H) and u ∈ gHg
−1 ∩H . Centralizers in G are infinite cyclic,
so we can assume that CH(u) = 〈u〉. Repeating the argument given in Section 3.1
for free groups, we obtain that if CG(u) = CH(u), which happens only if h is not a
proper power of some element in G, then
H ∩ CG(u)g = H ∩ 〈u〉g ⊆ H ∩Hg = ∅.
It follows that if the intersection gHg−1 ∩ H contains an element which is not a
proper power if G, then H fails to be conjugacy stable.
Suppose now all elements from gHg−1 ∩ H are proper powers in G. Then one
can show that gHg−1 ∩ H is infinite cyclic generated by a proper power in G, as
it happened for free groups. Indeed, suppose on the contrary that Hg
−1
∩ H is
non-cyclic. Since G is torsion-free, it is equivalent to saying that Hg
−1
∩H is non-
elementary. By [16, Theorem C], there exists a non-trivial subgroupM 6 Hg
−1
∩H
which is quasi-convex and malnormal in G. Now take an arbitrary non-trivial a ∈
M . Since a ∈ Hg
−1
∩H , it is a proper power of some element x ∈ Gr
(
Hg
−1
∩H
)
,
in particular, x /∈ M . But then a ∈ Mx ∩M , which contradicts malnormality of
M . The contradiction comes from the assumption that Hg
−1
∩H is non-cyclic.
Hence, as in the case of free groups, for every g ∈ RG(H) we have gHg
−1∩H =
〈h
ng
g 〉, where hg is a root element in G and ng > 2. To find out if H is conjugacy
stable we have to check if H ∩CG(h
ng
g )g = H ∩CG(hg)g = H ∩〈hg〉g is non-empty.
This can be summarized in the following proposition.
Proposition 2. Let G be a torsion-free hyperbolic group. There exists an effective
procedure to check if any quasi-convex subgroup H ≤ G is conjugacy stable or not.
Proof. Let H be a quasi-convex subgroup of G.
Step 1. Compute RG(H), which is a finite set, using [19, Proposition 6.7(1)].
Step 2. For every g ∈ RG(H), find generators of the intersection gHg
−1 ∩ H .
This can be done algorithmically since H is quasi-convex ([19, Theorem 4.1] and
[19, Proposition 6.10]).
Step 3. Check if every gHg−1 ∩H is cyclic. This can be done effectively using
the fact that a torsion-free hyperbolic group is commutative transitive, so we just
need to check if gHg−1 ∩ H is an abelian subgroup by verifying if [x, y] = 1 in G
for every pair of generators x, y of gHg−1 ∩ H . All these operations can be done
effectively, since the word problem is solvable for hyperbolic groups.
If at least one intersection gHg−1 ∩ H is not cyclic, or if it is cyclic, but the
generator is not a proper power in G, then stop. In this case H is not conjugacy
stable. Notice that we can check if an element is a proper power in G since we can
effectively compute a generating set for its cyclic centralizer.
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Step 4. Assuming that for every g ∈ RG(H) we have
gHg−1 ∩H = 〈hngg 〉,
where hg is a root element in G and ng > 2, check if H ∩ 〈hg〉g is non-empty.
Effective computation of the coset 〈hg〉g follows from [19, Proposition 6.2], the
intersection H ∩ 〈hg〉g is computable by [19, Proposition 6.10], and checking if it is
non-empty is effective by [19, Proposition 6.3].
If H ∩ 〈hg〉g is non-empty for every g ∈ RG(H) then H is conjugacy stable,
otherwise it is not conjugacy stable. 
3.3. Limit groups. Recall that a group G is called fully residually free if for any
finite set of non-trivial elements g1, . . . , gk ∈ G there exists a homomorphism φ :
G → F , where F is a free group, such that φ(gi) 6= 1 in F for every i ∈ [1, k].
Finitely generated fully residually free groups are also known as limit groups, where
the term “limit” comes from the definition based on sequences of homomorphisms
to free groups and their stable kernels (see, for example, [3] for details). The class of
limit groups drew a lot of attention because of its connections with equations over
free groups and Tarski problems for free groups. Limit groups are known to be toral
relatively hyperbolic. Namely, every limit group G is a torsion-free group hyperbolic
relative to a peripheral structure P , which is a finite collection P1, . . . , Pr of finitely
generated free abelian subgroups of G called peripheral subgroups. In this case, one
can classify elements of G with respect to the peripheral structure P as follows:
g ∈ G is called parabolic if it conjugates into a peripheral subgroup and hyperbolic
otherwise (notice, that the case of elliptic elements is impossible since every toral
relatively hyperbolic group is torsion-free). Similarly, a subgroup H 6 G is called
parabolic if it conjugates into a peripheral subgroup and hyperbolic otherwise (a
hyperbolic subgroup contains a hyperbolic element).
The definitions and notions from the theory of relatively hyperbolic groups men-
tioned above is basically all we need in what follows. Detailed exposition of the
theory can be found in [10], [4], [8], [25].
Algorithmic problems for limit groups have been studied from different view-
points. One approach is based on considering limit groups as finitely generated
subgroups of F Z[t] (see [18] for details) and then translating Stallings folding tech-
niques from subgroups of free groups to subgroups of F Z[t] (see [22, 20]).
Now, suppose G is a limit group and H 6 G is finitely generated. In order to
take advantage of Lemma 2 while deciding if H is conjugacy stable we need the
BNTCI property ofH . Unfortunately, the situation is more complicated than in the
cases of free and word hyperbolic groups, and the BNTCI property does not hold
for finitely generated subgroups of G in general. At the same time, the following
results are known.
Theorem 1. [20, Theorem 7] Let G be a limit group and let H 6 G be finitely
generated. Then one can effectively find a finite family JG(H) of non-trivial finitely
generated subgroups of G (given by finite generating sets), such that
(1) every J ∈ JG(H) is of one of the following types
Hg1 ∩H, Hg1 ∩ CH(g2),
where g1 ∈ G rH, g2 ∈ H (the elements g1, g2 can be found effectively),
and
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(2) for any non-trivial intersection Hg ∩H, g ∈ GrH there exists J ∈ JG(H)
and f ∈ H such that
Hg ∩H = Jf ,
where J and f can be found effectively.
As was noted in the end of Section 2, the property BNTCI implies existence
of such a family JG(H), but the converse is not true. The following result is the
maximum we can obtain in terms of the property BNTCI for finitely generated
subgroups of limit groups.
Theorem 2. [23, Lemma 4.2] Let G be a limit group and let H 6 G be finitely
generated. There are finitely many double cosets Hg1H, . . . ,HgnH in G, where
g1, . . . , gn can be found effectively, such that for any g ∈ G if H
g ∩ H is non-
abelian, then there exists i ∈ [1, n] such that g ∈ HgiH.
Actually, in [23], the above result was formulated for finitely generated subgroups
of F Z[t], but it is equivalent to what we just stated.
So, it turns out that any finitely generated subgroup H of a limit group G
“almost” has the BNTCI property - it holds only for non-abelian non-trivial in-
tersections Hg ∩ H . The following lemma shows that existence of a non-abelian
intersection Hg ∩H for some g ∈ G is, actually, an obstacle for conjugacy stability
of H .
Lemma 3. Let G be a limit group and H 6 G be finitely generated. If Hg
−1
∩H
is non-abelian for some g ∈ GrH, then H is not conjugacy stable.
Proof. Fix a peripheral structure P = {P1, . . . , Pr} of finitely generated free abelian
subgroups of G.
Assume that Hg
−1
∩H is not abelian. We are going to show that in this case H
cannot be conjugacy stable.
Notice that if CG(h) = CH(h) for some h ∈ H
g−1 ∩H , then
H ∩ CG(h)g = H ∩ CH(h)g ⊆ H ∩Hg = ∅,
and H fails to be conjugacy stable by Lemma 1.
Now, assume that for every h ∈ Hg
−1
∩H we have CH(h)  CG(h).
If h ∈ Hg
−1
∩ H is hyperbolic then the centralizer CG(h) is an infinite cyclic.
Moreover, h must be a proper power in G, otherwise CG(h) = CH(h). If we assume
that all elements of Hg
−1
∩H are hyperbolic, take any h1, h2, h3 ∈ H
g−1 ∩H such
that h1h2 = h3, so there exist a, b, c ∈ G such that
h1 = a
k, h2 = b
l, h3 = c
m, k, l,m > 2
and
akbl = cm.
Combining the fact that G (as well as H and Hg
−1
∩ H) is a limit group, that
is, it is fully residually free, and the result of Lyndon and Schutzenberger [21], we
obtain that a, b and c commute with each other. Hence, gHg−1 ∩ H is cyclic - a
contradiction with the assumption that Hg
−1
∩H is not abelian. Hence, Hg
−1
∩H
must contain parabolic elements.
Finally, let y ∈ Hg
−1
∩H be parabolic. Hence, there exists a peripheral subgroup
Pi such that f
−1yf ∈ Pi for some f ∈ G. Since H
g−1 ∩ H is not abelian by
assumption, there exists a hyperbolic element x ∈ Hg
−1
∩H , in particular, f−1xf /∈
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Pi. By [2, Lemma 3.5], the product (f
−1xf)(f−1ylf) is hyperbolic for infinitely
many values of l. That is, xyl is hyperbolic for infinitely many values of l. Fix some
value l > 2 (if all values of l for which the product (f−1xf)(f−1ylf) is hyperbolic
are negative, the argument is similar to what follows). Since all hyperbolic elements
of Hg
−1
∩H are proper powers in G, there exist p, q ∈ G such that
x = pk, xyl = qm, k,m > 2
and
pkyl = qm,
where k, l,m > 2. Again, using the result of Lyndon and Schutzenberger one can
conclude that [p, y] = 1, hence, [x, y] = 1 (since G is commutative transitive). This
gives a contradiction with the choice of x and y.
Hence, the assumption that for every h ∈ Hg
−1
∩ H we have CH(h)  CG(h)
leads to a contradiction and H cannot be conjugacy stable. 
Obviously, Lemma 3 comes in handy by eliminating the difficulty of checking if
H ∩ CG(h)g is non-empty for infinitely many elements h ∈ H
g−1 ∩ H . Indeed, if
Hg
−1
∩H is not abelian, then there are infinitely many non-commuting elements in
Hg
−1
∩H , whose centralizers are different from each other, and effective application
of Lemma 1 becomes problematic.
Finally, we deal with abelian intersections.
Lemma 4. Let G be a limit group and H 6 G be finitely generated. Let JG(H) be
a finite collection of subgroups from Theorem 1 and assume that every J ∈ JG(H)
is abelian. Then H is conjugacy stable if and only if for every C,D ∈ JG(H) such
that w−1Cw = D for some w ∈ G r H, the intersection H ∩ Cw is non-empty,
where C is the maximal abelian subgroup of G containing C.
Proof. SupposeH is conjugacy stable and let C,D ∈ JG(H) be such that w
−1Cw =
D for some w ∈ G rH . Hence, there exist u ∈ C, v ∈ D such that w−1uw = v,
that is, u ∈ Hw
−1
∩H . By Lemma 1, the intersection H ∩ CG(u)w is non-empty.
Notice that since C is abelian, CG(u) is a maximal abelian subgroup C of G that
contains C, and it follows that H ∩ Cw is non-empty.
Now we prove the converse. Assume that for every C,D ∈ JG(H) such that
w−1Cw = D for some w ∈ GrH , the intersection H ∩Cw is non-empty, where C
is the maximal abelian subgroup of G containing C. We are going to show that H
is conjugacy stable.
Let u, v ∈ H and g ∈ GrH be such that g−1ug = v. Then v ∈ Hg ∩H and by
Theorem 1, Hg ∩H = Dh for some D ∈ JG(H) and h ∈ H . Similarly, H
g−1 ∩H is
conjugate in H to some C ∈ JG(H), that is, H
g−1 ∩H = Cf , where f ∈ H . Since
u ∈ Cf , v ∈ Dh and g−1ug = v, from the fact that G is commutative transitive,
it follows that g−1Cfg = Dh, or w−1Cw = D, where w = fgh−1. By assumption,
the intersection H ∩ Cw is non-empty, where C is the maximal abelian subgroup
of G containing C. That is, there exists w0 ∈ H such that w0 = cw and c ∈ C.
Observe that c ∈ C implies that c commutes with fuf−1. Finally, let g0 = f
−1w0h.
Notice that g0 ∈ H and we obtain
g−10 ug0 = (h
−1w−10 f)u(f
−1w0h) = (h
−1w−1c−1f)u(f−1cwh)
= (h−1w−1c−1)(fuf−1)(cwh) = (h−1w−1)(fuf−1)(wh)
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= (g−1f−1)(fuf−1)(fg) = v.
In other words, H is conjugacy stable. 
Finally, we are ready to present an algorithm that decides if a finitely generated
subgroup of a limit group is conjugacy stable.
Proposition 3. Let G be a limit group. Then there exists an effective procedure
to check if any finitely generated subgroup H 6 G is conjugacy stable or not.
Proof. Let H be a finitely generated subgroup of G.
Step 1. Compute the set of subgroups JG(H). The set is finite and all its
elements can be found effectively (see [20, Theorem 7]).
Step 2. Check if every J ∈ JG(H) is abelian. If there is a non-abelian J ∈
JG(H), then H is not conjugacy stable by Lemma 3.
Step 3. Assuming that every element of JG(H) is abelian, for every C, D ∈
JG(H) determine if C is conjugate to D in G and if they are, compute some
conjugating element wC,D ∈ G. This can be done effectively (see [20, Corollary 7]).
Step 4. For every C, D ∈ JG(H) conjugate in G (that is, wC,D ∈ G from the
previous step exists), computeH∩CwC,D, where C is the maximal abelian subgroup
of G containing C. Notice that C can be found effectively by [20, Theorem 8]: take
a generator of C and compute its centralizer in G. The intersection H ∩ CwC,D
can also be found effectively by [20, Theorem 5]. Finally, according to Lemma 4, H
is conjugacy stable if and only if every such intersection H ∩ CwC,D is non-empty
which can be effectively determined. 
Acknowledgement. We would like to thank Alexei Miasnikov for suggesting
to take a look at the conjugacy stability problem in free groups. This initial study
of ours was then extended and eventually resulted in this paper.
References
[1] J. Alonso, T. Brady, D. Cooper, V. Ferlini, M. Lustig, M. Mihalik, M. Shapiro, and H. Short.
Notes on word hyperbolic groups. Group Theory from a geometric viewpoint. World Scientific,
Singapore, 1990.
[2] G. Arzhantseva, A. Minasyan, and D. Osin. The SQ-universality and residual properties of
relatively hyperbolic groups. J. Algebra, 315(1):165–177, 2007.
[3] M. Bestvina and Feighn M. Notes on Sela’s work: Limit groups and Makanin-Razborov dia-
grams, pages 1–29. London Mathematical Society Lecture Note Series. Cambridge University
Press, 2009.
[4] B. H. Bowditch. Relatively hyperbolic groups. Int. J. Algebr. Comput., 22(3):1250016, 66,
2012.
[5] R. Brauer. On the connection between the ordinary and the modular characters of groups of
finite order. Ann. of Math., 42(2):926–935, 1941.
[6] M. R. Bridson and A. Haefliger.Metric spaces of non-positive curvature. Springer, New York,
1999.
[7] M. Calvez, B. Cisneros de la Cruz, and M. Cumplido. Conjugacy stability of parabolic sub-
groups of Artin-Tits groups of spherical type. J. Algebra, 556:621–633, 2020.
[8] C. Drutu and M. Sapir. Tree-graded spaces and asymptotic cones of groups. Topology,
44(5):959–1058, 2005.
[9] D. B. A. Epstein and D. F Holt. Computation in word-hyperbolic groups. Int. J. Algebr.
Comput., 11(4):467–487, 2001.
[10] B. Farb. Relatively hyperbolic groups. GAFA, Geom. Func, Anal., 8:810–840, 1998.
[11] E. Ghys and P. de la Harpe. Espaces Metriques Hyperboliques sur les Groupes Hyperboliques
d’apre`s Michael Gromov. Birkhauser, 1991.
DETECTING CONJUGACY STABILITY OF SUBGROUPS IN CERTAIN CLASSES OF GROUPS11
[12] R. Gitik, M. Mitra, E. Rips, and M. Sageev. Widths of subgroups. Tran. Amer. Math. Soc.,
350(1):321–329, 1998.
[13] M. Gromov. Hyperbolic groups. In S. M. Gersten, editor, Essays in Group Theory, MSRI
Publications, volume 8, pages 75–263. Springer, 1987.
[14] C. Hruska and D. Wise. Packing subgroups in relatively hyperbolic groups. Geom. Topol.,
13(4):1945–1988, 2009.
[15] I. Kapovich. Detecting quasiconvexity: Algorithmic aspects. InGeometric and Computational
Perspectives on Infinite Groups (Minneapolis, MN and New Brunswick, NJ, 1994), volume 25
of DIMACS: Series in Discrete Mathematics and Theoretical Computer Science, pages 91–99.
American Mathematical Society, 1996.
[16] I. Kapovich. A non-quasiconvexity embedding theorem for hyperbolic groups. Math. Proc.
Cambridge Philos. Soc., 127(3):461–486, 1999.
[17] I. Kapovich and A. G. Myasnikov. Stallings foldings and subgroups of free groups. J. Algebra,
248:608–668, 2002.
[18] O. Kharlampovich and A. Myasnikov. Irreducible affine varieties over a free group. I: Irre-
ducibility of quadratic equations and Nullstellensatz. J. Algebra, 200(2):472–516, 1998.
[19] O. Kharlampovich, A. Myasnikov, and P. Weil. Stallings graphs for quasi-convex subgroups.
J. Algebra, 488:442–483, 2017.
[20] O. Kharlampovich, A. G. Myasnikov, V. N. Remeslennikov, and D. Serbin. Subgroups of fully
residually free groups: algorithmic problems. In Group theory, Statistics and Cryptography,
volume 360 of Contemporary Mathematics, pages 63–101. American Mathematical Society,
2004.
[21] R. C. Lyndon and M. P. Schu¨tzenberger. The equation aM = bN cP in a free group. Michigan
Math. J., 9(4):289–298, 1962.
[22] A. G. Myasnikov, V. Remeslennikov, and D. Serbin. Regular free length functions on Lyn-
don’s free Z[t]-group F Z[t]. In Algorithms, Languages, Logic, volume 378 of Contemporary
Mathematics, pages 37–77. American Mathematical Society, 2005.
[23] A. Nikolaev and D. Serbin. Finite index subgroups of fully residually free groups. Internat.
J. Algebra Comput., 21(4):651–673, 2011.
[24] A. Yu. Ol’shanskii and M. Sapir. The Conjugacy Problem and Higman Embeddings, volume
170 of Mem. Amer. Math. Soc. AMS Press, Providence, 2004.
[25] D. Osin. Relatively hyperbolic groups: Intrinsic geometry, algebraic properties, and algorith-
mic problems, volume 179 of Mem. Amer. Math. Soc. AMS Press, Providence, 2006.
[26] P. Papasoglu. An algorithm detecting hyperbolicity. In Geometric and Computational Per-
spectives on Infinite Groups (Minneapolis, MN and New Brunswick, NJ, 1994), volume 25 of
DIMACS: Series in Discrete Mathematics and Theoretical Computer Science, pages 193–200.
American Mathematical Society, 1996.
[27] R. Thompson. Embeddings into finitely generated simple groups which preserve the word
problem. In Word problems, II (Conf. on Decision Problems in Algebra, Oxford, 1976),
volume 95 of Studies in Logic and the Foundations of Mathematics, pages 401–441. North-
Holland, Amsterdam-New York, 1980.
E-mail address: isabel10791@gmail.com
Department of Mathematical Sciences, Stevens Institute of Technology, 1 Castle
Point on Hudson, Hoboken, NJ 07030, USA
E-mail address: d.e.serbin@gmail.com
